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Abstract: We derive the general anomaly polynomial for a class of two-dimensional
CFTs arising as twisted compactifications of a higher-dimensional theory on compact
manifoldsMd, including the contribution of the isometries ofMd. We then use the result
to perform a counting of microstates for electrically charged and rotating supersymmetric
black strings in AdS5×S5 and AdS7×S4 with horizon topology BTZnS2 and BTZnS2×Σg,
respectively, where Σg is a Riemann surface. We explicitly construct the latter class
of solutions by uplifting a class of four-dimensional rotating black holes. We provide a
microscopic explanation of the entropy of such black holes by using a charged version of
the Cardy formula.
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1 Introduction
The charged Cardy formula,
log ρ(n, J) ≈ 2pi
√
c
6
(
n− c
24
− J
2
2k
)
, (1.1)
gives the asymptotic density of states ρ(n, J) of a 2d conformal field theory (CFT) with a
U(1) symmetry of level k in a sector with a given U(1) charge. The above formula, and its
natural generalization to multiple U(1) factors, has endless applications to the microscopic
derivation of the Bekenstein-Hawking entropy of asymptotically flat black holes or charged
Ban˜ados-Teitelboim-Zanelli (BTZ) ones, where it has been used and derived many times
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(see references [1–6] among many others). In this paper we would like to apply it to the
physics of asymptotically anti de Sitter (AdS) black strings in dimensions greater or equal
to five. We consider, in particular, solutions interpolating between AdSd+3 and AdS3×Md,
which can be seen either as black strings or domain walls. They are holographically dual
to twisted compactifications of a (d + 2)-dimensional CFT on Md that flow in the IR to
a two-dimensional CFT. Upon compactification on a circle with momentum along it, the
black string becomes a black hole and the charged Cardy formula gives a prediction for
the corresponding entropy.1
The CFTs obtained by twisted compactifications may have various U(1) symmetries,
some of them arising from the flavor symmetries of the original (d+ 2)-dimensional CFT,
other coming from the isometry group G of the compactification manifoldMd. In the case
of a sphere, M2 = S2, the latter is just the rotational symmetry of S2. In order to use
the charged Cardy formula, we need to determine the levels of the U(1) symmetries in the
two-dimensional CFT. The latter can be extracted from the anomaly polynomial of the
2d theory, which, in turn, can be obtained by integrating the anomaly polynomial of the
higher-dimensional theory over Md. All of these techniques are very standard and they
can also be applied to non-Lagrangian theories [7–11], but the effect of the isometry has not
been taken into account in the existing literature. In this paper we show how to extend it
to the isometry group G of the internal manifold; this is done by using the Bott-Cattaneo
formula [12] in the case of spheres, or equivariant integration in more complicated cases.
In principle, when abelian, the isometry G can mix with the abelian flavor symmetries
(and the R-symmetry in the supersymmetric case). We will present examples where this
happens.
We then turn to the holographic side and compare the predictions of the charged
Cardy formula with supergravity solutions of type IIB and M-theory. We are interested, in
particular, in adding charges and rotation to the supersymmetric black strings in AdS5×S5,
dual to N = 4 super Yang-Mills (SYM) compactified on S2, and in AdS7×S4, dual to the
six-dimensional N = (2, 0) theory compactified on S2 × Σg, found in [13]. These static
solutions depend on a set of magnetic fluxes parameterizing the inequivalent topological
twists, and the holographic central charge of the 2d N = (0, 2) CFT has been successfully
compared with the field theory predictions of c-extremization [14].
The general class of electrically charged and rotating black strings in AdS5 × S5 was
constructed recently in [15] and the entropy of the corresponding four-dimensional black
hole matched with the predictions of the refined topologically twisted index of N = 4
SYM [16].2 The entropy, see [15, (5.34)] for example, takes the form of the charged Cardy
1In what follows we use the convention of calling a black string any geometry with a near-horizon region
containing a BTZ factor in its full ten- or eleven-dimensional form, in order to distinguish with the cases
where the near-horizon only contains an AdS2 factor. This is a non-standard terminology since it means
that we denote as black strings all solutions that relate to a two-dimensional CFT, typically called black
holes in the asymptotically flat literature.
2The refined topologically twisted index is supposed to compute the elliptic genus of the 2d CFT. See
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formula, although the connection was not noticed there. In this paper we perform a further
precision test, explicitly comparing the levels of all symmetries including the rotational one.
We mostly work in the large N limit, but we also observe that the charged Cardy formula
matches the results obtained from the high-temperature limit of the refined topologically
twisted index of a 4d theory on S2 also at finite N .
To proceed further, we consider asymptotically AdS7 × S4 supersymmetric black
strings, corresponding to the compactification of the (2, 0) theory on S2 × Σg, and car-
rying charge under the Cartan subgroup of the SO(5) R-symmetry in six dimensions and
rotating along S2. We explicitly construct their near-horizon horizon geometry, which has
topology BTZnS2 × Σg, using a generalization of the methods introduced in [18]. We
find the solution in the form of a black hole near-horizon geometry in the four-dimensional
N = 2 supergravity that arises as a dimensional reduction of seven-dimensional gauged
supergravity on Σg × S1. The black hole carries n units of momentum along the circle,
and its entropy perfectly matches the charged Cardy formula using the levels for flavor
and rotational symmetry predicted by the integration of the anomaly polynomial of the
six-dimensional (2, 0) theory.
The very same near-horizon black hole geometry can be uplifted to five-dimensional
gauged supergravity where it describes the horizon of an asymptotically AdS5 black string.
In this picture, the AdS5 vacuum corresponds to the N = 1 superconformal theory ob-
tained as the IR limit of the (2, 0) theory compactified on Σg [9, 10] and the black string
describes its further compactification on S2.
As usual with supersymmetric objects in AdS, supersymmetric black strings come
with a non-trivial constraint among the possible electric charges allowed by supergravity.
It is interesting to observe that, in all our examples, this constraint translates into the
vanishing of the charge of the black string under the exact R-symmetry of the 2d CFT.
This is analogous to the expectations for magnetically charged black holes in AdS4 [19, 20].
The paper is organized as follows. In section 2 we briefly review the derivation of
the charged Cardy formula. In section 3 we review the relevant facts about integrating
anomaly polynomials across dimensions and we extend the analysis to the isometry group
of the internal manifold, using the Bott-Cattaneo formula and equivariant integration.
We also provide various examples that are used in later sections or we find intriguing. In
section 4 we construct a new class of dyonic rotating black strings in AdS7 × S4 and we
also review the analogous solutions in AdS5 × S5. Finally, in section 5 we compare the
supergravity results with the charged Cardy formula, using the levels computed in section
3, finding perfect agreement. We conclude in section 6 with comments and a discussion.
In the appendix we rephrase our supergravity findings in the language of attractors and
entropy functions, using the gravitational blocks introduced in [21].
also [17] for the evaluation of the topologically twisted index in the Cardy limit.
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2 Charged Cardy formula
Here we review the derivation of the charged Cardy formula, which tells the asymptotic
density of states of a two-dimensional CFT with a U(1) symmetry in a sector with a given
U(1) charge. This formula was found independently many times: e.g. it appears in the
explanation of the entropy of asymptotically flat spinning black holes [1]; the influential
paper by Maldacena, Strominger and Witten has it in [2, Sec. 3.2], where the U(1) is
clearly carried by chiral bosons and its contribution can be explicitly taken care of; the
Farey tail paper also has it in [3, (1.19)]. A more detailed discussion in the context of
holography in charged BTZ black holes is in [4], which is then cited in a more recent review
article [5, Sec. 2.3]. The same formula was more recently rederived in [6, Appendix B.2] in
the context of the weak-gravity conjecture. We will be brief; we mainly use our discussion
here to set the notations.
2.1 Non-supersymmetric case
We start from the grand canonical partition function of a two-dimensional CFT coupled
to a U(1)J current on T
2, i.e.
Z = trHS1 e
−βH+iεP eiµJ , (2.1)
where H is the Hamiltonian, P the momentum along S1 inside T 2, J is the flavor symmetry
charge, β is the inverse temperature; ε and µ are the chemical potentials for P and J ,
respectively. The modulus of the torus is
2piτ ≡ ε+ iβ . (2.2)
Let us focus on the holomorphic part3 and write
Z =
∫ ∞
0
dnl
∫
dJ ρ(nl, J)e
2piiτ(nl− cl24)+iµJ , (2.3)
where ρ(nl, J) is the density of states. We now need to recall the modular transformation
property of the holomorphic part of the partition function.
Z
(aτ + b
cτ + d
,
µ
cτ + d
)
∼ exp
(
piik
(2pi)2
cµ2
cτ + d
)
Z(τ, µ) , (2.4)
where k is the level of the U(1) current J , and the symbol ∼ means we suppressed various
important details coming from the fact that we repressed the anti-holomorphic dependence.
The k-dependent exponential prefactor is known from long time ago, based on explicit
examples. For a derivation which only uses general properties of 2d CFTs, see e.g. a
discussion in [22, Sec. 2].
3The following analysis is very crude, due to the very fact that there is no easy way to make the concept
of the ‘holomorphic part of the partition function’ very precise. This important caveat does not affect the
derivation of the leading asymptotics.
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In particular, we have
Z(τ, ω) = e−
iµ2
4piτ
kZ(−1/τ,−µ/τ) ∼ e
ipi
12τ
(
cl− 3µ
2
pi2
k
)
, (2.5)
where ∼ is for the asymptotic form in the limit τ → 0 in which Z(−1/τ,−µ/τ) is domi-
nated by the vacuum and is given by ∼ e ipicl12τ . We neglected the part polynomial in τ which
only gives a subleading correction.
We now use the inverse Laplace transform to read off ρ(nl, J):
ρ(nl, J) =
∫
C
dτ dµZ(τ, µ)e−2piiτ(nl−
cl
24)−iµJ . (2.6)
We replace Z(τ, µ) by its asymptotic form (2.5)
ρ(nl, J) ≈
∫
C
dτ dµe
ipi
12τ
(
cl− 3µ
2
pi2
k
)
e−2piiτ(nl−
cl
24)−iµJ . (2.7)
The saddle point is at
τ0 = i
√
cl
24
(
nl − cl
24
− J
2
2k
)−1
, µ0 = −2piJ
k
τ0 . (2.8)
Plugging back (2.8) into (2.7) we find that
log ρ(nl, J) ≈ 2pi
√
cl
6
(
nl − cl
24
− J
2
2k
)
. (2.9)
Note that in the case of a single free boson X whose current is ∂X, the operator of charge
J of the lowest dimension is the exponential operator eiJX and has the dimension J2/(2k).
Therefore the formula above simply says that the excitation level in the charge J sector
should be thought of as nl − J2/(2k).
Finally, putting back the anti-holomorphic part we obtain the charged Cardy formula
for a CFT2 coupled to a U(1)Jl current with level kl and a U(1)Jr current with level kr:
log ρ(nl, nr, Jl, Jr) ≈ 2pi
√
cl
6
(
nl − cl
24
− J
2
l
2kl
)
+ 2pi
√
cr
6
(
nr − cr
24
− J
2
r
2kr
)
. (2.10)
The charged Cardy formula (2.10) can be trivially extended to the case of multiple left-
moving and right-moving currents.
2.2 Supersymmetric case and its relation to the anomaly polynomial
All examples in this paper are (0, 2) supersymmetric CFTs, with possibly multiple abelian
symmetries JA, whose background gauge fields we denote by F
A. We will use conven-
tions where supersymmetry is realized in the anti-holomorphic sector and the 2d chirality
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matrix γ3 is taken to be positive on anti-holomorphic fermionic movers. The 2d anomaly
polynomial has the expansion
A2d = 1
2
AABc1(FA)c1(FB) + . . . , (2.11)
where the ’t Hooft anomaly coefficients are given by AAB = tr γ3JAJB in the case of
Lagrangian theories. We then define the level matrix kAB via
kAB = −AAB . (2.12)
Notice the sign in (2.12). We choose it in such a way that the level matrix kAB in a
unitary theory is positive definite for holomorphic currents. These are supported on the
non-supersymmetric side and affect the density of states in the way discussed above. Be
aware that the symbol kAB is also widely used to denote the ’t Hooft anomaly coefficients
AAB themselves, for example in [13]. We apologize for the possible sources of confusion.
In this case we consider the elliptic genus:
Zell(τ, µ
A) = trHS1 e
2piiτ(nl− cl24)(−1)FreiµAJA . (2.13)
Here, all non-R currents are included in the currents JA, irrespective of whether they
are left-moving or right-moving, and we regard all chemical potentials µA as holomorphic
variables.
To derive the charged Cardy formula for the elliptic genus, we need its modular trans-
formation law:
Zell
(aτ + b
cτ + d
,
µ
cτ + d
)
= (a,b,c,d)
cr−cl exp
(
piikAB
(2pi)2
cµAµB
cτ + d
)
Zell(τ, µ
A) , (2.14)
where a,b,c,d is a multiplier system, which is a fixed universal non-trivial one-dimensional
representation of SL(2,Z). This very general transformation law can be checked for La-
grangian theories by localization [23, (2.16)]; we believe it is a universal property of elliptic
genera.
The rest of the derivation is exactly the same as in the non-supersymmetric case. We
conclude that for supersymmetric states the charged Cardy formula is given by
log ρsusy(nl, JA) ≈ 2pi
√
cl
6
(
nl − cl
24
− 1
2
(k−1)ABJAJB
)
. (2.15)
We stress that kAB appearing here in the supersymmetric case can be read off from the
anomaly polynomial. Furthermore, kAB is not necessarily positive definite.
In the following we will consider 2d CFTs that arise as compactifications of a higher-
dimensional theory on a manifold Md. We will then use the symbols Ji to denote sym-
metries arising from the isometries of Md and Qi to denote R-symmetries of the original
higher-dimensional theory. With a standard abuse of notation, we will also use the same
letter to denote the charge of a state and the corresponding operator.
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3 Anomaly polynomial and the dimensional reduction
The anomaly polynomial of a theory is a basic quantity which characterizes the change of
the phase of its partition function when we perform gauge transformations of the back-
ground metric and/or the background gauge fields. For a theory with an explicitly known
Lagrangian, its anomaly polynomial can be easily computed using the standard formulae.
If no Lagrangian is known, the computation of the anomaly polynomial is more difficult,
and requires various methods adapted to each situation.
Luckily, if the theory under investigation is a dimensional reduction on a compactifi-
cation manifold Md of a D-dimensional theory with a known anomaly polynomial ADd,
the anomaly polynomial A(D−d)d of the resulting (D − d)-dimensional theory can be eas-
ily computed by integrating over Md. In this paper, we are interested in particular to
the cases when the compactification manifold Md has a continuous isometry group G.
Then the lower-dimensional theory has G as an additional flavor symmetry, and the lower-
dimensional anomaly polynomial A(D−d)d should include the curvature of the rotational
symmetry G.
The aim of this section is to explain how to perform this generalized computation. In
this section, we use the convention that ad := a+2 such that the subscript of the anomaly
polynomial is its degree as a differential form.
3.1 Generalities
Let us start by recalling the case when we do not care about the isometry ofMd. The rela-
tion between the higher-dimensional anomaly polynomial ADd and the lower-dimensional
one A(D−d)d is a well-known one,
A(D−d)d =
∫
Md
ADd . (3.1)
For Lagrangian theories this relation was known from time immemorial; it was first applied
to non-Lagrangian theories in [7, Sec. 3.5] and [8].
To understand the generalization to include the background gauge field for the isom-
etry of Md, it is instructive to recall how the relation (3.1) is derived. For this purpose
we need to recall how the anomaly polynomial AD+2 encodes the anomaly in the first
place. Let XD be the spacetime on which the theory lives. We then let YD+1 = XD × S1.
To obtain the change in the phase of the partition function under a combination of a
diffeomorphism and a gauge transformation, we introduce the background metric and the
background gauge fields on YD+1 such that YD+1 is obtained by starting from XD × [0, 1]
and gluing two boundaries XD|0 and XD|1 by the said diffeomorphism and the gauge
transformation. Then the change in the phase of the partition function is∫
YD+1
CSD+1, where d CSD+1 = ADd . (3.2)
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That we compactify on Md means that we take XD = XD−d ×Md, and therefore we
have YD+1 = YD−d+1 ×Md. Then we have∫
YD+1
CSD+1 =
∫
YD−d+1
CSD−d+1, where CSD−d+1 =
∫
Md
CSD+1 . (3.3)
Let us now take a manifold ZD−d+2 such that ∂ZD−d+2 = YD−d+1, and set ZD+2 = ZD−d+2×
Md. The relation (3.3) then implies that A(D−d)d and ADd always satisfy∫
ZD+2
AD+2 =
∫
ZD−d+2
AD−d+2, which means AD−d+2 =
∫
Md
AD+2 , (3.4)
which is the basic relation (3.1).
This analysis makes it clear that to include the effect of the background gauge field
for the isometry group G ofMd, we need to take ZD+2 to be a nontrivialMd bundle over
ZD−d+2 with a nontrivial G connection, so that ZD has the form
Md → ZD+2 → ZD−d+2 . (3.5)
For notational simplicity, we will use E = ZD+2 and B = ZD−d+2 below, so that the
fibration is
Md → E → B , (3.6)
where dimE = dimB + d.
For example, consider the case when Md = S2, whose SO(3) isometry becomes a
flavor symmetry in the lower-dimensional theory. Suppose furthermore that the higher-
dimensional theory has a U(1) symmetry, and that we include n fluxes of it through S2.
Then, on E, we have a background U(1) gauge field F which satisfy∫
S2
F
2pi
= n . (3.7)
When E is a direct product B × S2, such a gauge field F has non-zero components only
along the S2 direction. But when the SO(3) gauge field is nontrivial, F necessarily has
non-zero components also along the B direction. Therefore, integrals of the form∫
S2
( F
2pi
)n
, (3.8)
can result in nontrivial differential forms on ZD, describing the anomaly of the U(1) sym-
metry already existent in the higher-dimensional theory and of the SO(3) symmetry arising
from the isometry of the compactification manifold S2.
As another example, let us analyze how to study the effect of the gravitational part of
the higher-dimensional anomaly. In this case, one needs to study the Pontryagin classes
pi(TE). In a fiber bundle (3.6), we can split the tangent bundle of the total space into the
subbundle along B and Md, respectively. Let us write this decomposition as
TE = pi∗(TB)⊕ TE/B , (3.9)
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where the first summand is obtained by pulling back the tangent bundle of B via the fiber
projection pi : E → B, and the second summand TE/B is defined to be its orthogonal
complement, which is called the relative tangent bundle. The decomposition (3.9) above
allows us to rewrite pi(TE) in terms of pi(TB) and pi(TE/B).
For example, when Md = S2, T can be thought of as an SO(2) ' U(1) bundle over
E satisfying (3.7) with n = 2, the Euler number of S2. Note that T equals TMd when
restricted on a single fiber Md; we abuse the notation slightly and simply use TMd for
TE/B.
Summarizing, AD−d+2 can be evaluated if we know how to describe the cohomology
groups of the total space E in terms of the cohomology groups of B and Md, and if we
know how to integrate cohomology classes on E over Md. We describe two methods to
achieve this goal, depending on the type of manifoldsMd. They are i) the formula of Bott-
Cattaneo when Md = S2k, and ii) the equivariant integration of equivariant cohomology
groups in the general case.
3.1.1 Bott-Cattaneo formula for S2k
Let us say V is a real (2k + 1)-dimensional vector bundle over B. Taking the unit sphere
at each fiber, we have an S2k bundle E over B, where d = 2k. Split the tangent bundle as
in (3.9), and let e be the Euler class of E. We have
∫
S2k
e = 2, the Euler number of S2k.
The formula of Bott-Cattaneo [12, Lemma 2.1] is as follows:∫
S2k
e2s+1 = 2(pk(V ))
s ,
∫
S2k
e2s = 0 . (3.10)
To the authors’ knowledge, this formula was first used in hep-th in [24, 25], in the
context of the anomaly cancellation of the R-symmetry part of the M5-brane. We also
note that the original proof in [12, Lemma 2.1] was a simple application of the splitting
principle, and was done at the level of cohomology; those who prefer the discussion at the
level of the differential form can find it in appendices of [24, 25].
3.1.2 Equivariant integration
Let us discuss next a method which is applicable to a larger class of compactification man-
ifolds M with isometry group G = U(1)n. We note that our computation involves only a
combination of Pontryagin classes of the spacetime manifold, the characteristic polynomi-
als of background gauge fields in higher dimensions, and the background gauge fields for
the isometry ofM. The cohomology classes involved are universal and independent of the
specific choice of E and B, in a sense which can be made mathematically precise. Such
universal cohomology classes make up what is known as the G-equivariant cohomology
group4 which is denoted by H•G(M).
4There are many different constructions of equivariant cohomology groups which eventually give iso-
morphic groups, just as there are many different constructions of ordinary cohomology groups. The
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For many manifolds, including the toric Ka¨hler manifolds we will consider below, we
simply have
H•U(1)n(M) = H•(M)⊗ R[c1(J1), . . . , c1(Jn)] , (3.11)
where c1(Ji) is the 1st Chern class along the base B of the background gauge field of the
i-th U(1) isometry. Let us further assume that the only discrete isolated points on Md
are fixed under the U(1)n isometry action. Then the integral of equivariant cohomology
classes can be done most conveniently by the localization formula∫
M
ω =
∑
p:fixed points
ω|p
e(TM|p) , (3.12)
where the sum is over all fixed points p, ω|p and TM|p are the restriction of ω and TM
at p, and e is the Euler class. To compute the Euler class, we regard TM|p as a complex
vector bundle, which we write as a sum of complex line bundles: TM|p =
⊕
j Lj. Let us
say Lj transforms under a definite charge (q
(j)
1 , . . . , q
(j)
n ) under U(1)n. Then
e(TM|p) =
∏
j
c1(L
(j)) =
∏
j
∑
i
q
(j)
i c1(Jj) . (3.13)
Let us use this machinery to reproduce the Bott-Cattaneo formula. Take M = S2k
with its standard U(1)k action. There are two fixed points, the north pole and the south
pole. The Euler class e(TS2k) restricts to ±∏ c1(Ji), where c1(Ji) is the first Chern class
for the i-th U(1) isometry. The localization formula then leads to∫
S2k
en =
(+
∏
i c1(Ji))
n
+
∏
i c1(Ji)
+
(−∏i c1(Ji))n
−∏i c1(Ji) =
{
2(
∏
i c1(Ji))
2s (n = 2s+ 1) ,
0 (n = 2s) .
(3.14)
This reproduces (3.10), since pk(V ) =
∏
i c1(Ji)
2.
3.2 Going from 4d to 2d
Let us now apply the general machinery explained above in a few specific cases. The first
case we analyze is the compactification of 4d theories on S2 to 2d theories. Suppose there
is a U(1) symmetry (which we call an R-symmetry) in 4d, with the anomaly polynomial
A4d = trR
3
6
c1(R)
3 − trR
24
c1(R)p1(TZ6) . (3.15)
Here, as usual, tr is the trace over the label of Weyl fermions in the case of a Lagrangian
theory. We compactify it on a round S2, with the U(1)R flux n. We would like to determine
description we are using here is the one H•G(M) := H•((M× EG)/G), where G → EG → G is the
universal G-bundle over the classifying space BG of G. Then (M× EG)/G is the associated universal
M bundle over BG, the cohomology over R of which can be constructed from the cohomology of M and
the cohomology of BG. Finally, the cohomology of BG can be identified with the characteristic classes of
G-bundles via the Chern-Weil homomorphism.
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the anomaly of the 2d theory, including the SO(3) symmetry rotating S2. Let us call the
U(1) subgroup of SO(3) as U(1)J , with the normalization that the spin-1 representation
has eigenvalues −1, 0, 1.
The manifolds involved form the fibration S2 → Z6 → Z4, and TZ6 = TZ4 ⊕ TS2.
Therefore
p1(TZ6) = p1(TZ4) + e(TS
2)2. (3.16)
As we put n units of flux on S2, we have
c4d1 (R) = c
2d
1 (R) + n e(TS
2)/2 . (3.17)
Note that e(TS2) is the Euler class so it integrates to 2 on S2.
Integrating over S2 using the Bott-Cattaneo formula (3.10), we find
A2d =
∫
S2
A4d = n trR
3
2
c1(R)
2 +
n3 trR3 − n trR
24
c1(J)
2 − n trR
24
p1(TZ4) . (3.18)
We note that the U(1) current algebra of level k corresponds to a term in the anomaly
polynomial ±k
2
c1(J)
2, where the sign depends on whether the current is right-moving or
left-moving, respectively, see (2.12). Similarly, the SU(2) current algebra of level kSU(2)
corresponds to a term in the anomaly polynomial of the form ±kSU(2)
2
tr(F/(2pi))2. We are
taking a U(1)J ⊂ SU(2) subgroup where the doublet has U(1) charge ±1/2, and therefore
this reduces to ±kSU(2)
4
c1(J)
2.
3.2.1 Free chiral fermions
Let us check this result when the 4d theory is a chiral fermion of U(1) charge 1. The zero
modes on S2 with n units of flux form an irreducible representation of SU(2) of dimension
|n| and their chirality is determined by the sign of n. For simplicity let us assume n ≥ 0.
Then the 2d theory consists of n complex chiral fermion whose J charges are (n − 1)/2,
(n − 3)/2, . . . , (1 − n)/2. As a charge q fermion contributes (q/2)c1(J)2 to the anomaly,
the term proportional to c1(J)
2 in the anomaly polynomial should be
1
2
[(
n− 1
2
)2
+
(
n− 1
2
− 1
)2
+ · · ·+
(
1− n
2
)2]
c1(J)
2 =
n3 − n
24
c1(J)
2 , (3.19)
agreeing with (3.18).
3.2.2 General N = 1 theories and the charged Cardy formula
When the 4d theory is N = 1 supersymmetric with a non-anomalous integer U(1)R sym-
metry, we can preserve 2d N = (0, 2) supersymmetry by turning on a single unit n = −1
of U(1)R flux through S
2. The anomaly in 2d can be obtained simply by setting n = −1
in (3.18). For example, from the coefficient of the c1(J)
2 term, using (2.11) and (2.12), we
find
k =
1
12
(trR3 − trR) . (3.20)
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In the case where the four-dimensional N = 1 theory is superconformal and R is the
exact R-symmetry,5 we obtain
k =
8
27
(3c4d − 2a4d) , (3.21)
where c4d and a4d are the central charges [27]. Also, if the 2d R-symmetry can be directly
identified with the superconformal R-symmetry, the 2d anomaly polynomial has the form
A2d = cr
6
c1(R)
2 +
cl − cr
24
p1(TZ4) . (3.22)
Comparing with (3.18) with n = −1, one finds
cr = −3 trR3 = −16
3
(5a4d − 3c4d) ,
cl = −(3 trR3 − trR) = −32
3
a4d .
(3.23)
In a general gauge theory with abelian flavor symmetries we have many choices of R-
symmetries and each corresponds to a different twisted compactification. The quantities
in (3.21) are then replaced by
a4d(sI) =
9
32
trR3 − 3
32
trR , c4d(sI) =
9
32
trR3 − 5
32
trR , (3.24)
where
trR3 = dimG+
∑
I
dimRI(sI − 1)3 ,
trR = dimG+
∑
I
dimRI(sI − 1) .
(3.25)
Here, we are considering a gauge theory with gauge group G and chiral matter fields
in representation RI with integer R-charge sI . Moreover, the exact 2d R-symmetry is
different from the 4d one and thus one needs to perform the c-extremization [13, 14] to
find it. We will give an explicit example in section 3.2.3.
In all cases we can apply the charged Cardy formula (2.15) and we find
log ρ(nl, nr, J) ≈ 2pi
√
cl
6
(
nl − cl
24
− 27J
2
16 (3c4d(sI)− 2a4d(sI))
)
, (3.26)
which remarkably agrees with [15, (5.7)], where the density of states has been extracted
in the Cardy limit and at finite N from the refined topologically twisted index [16] which
is supposed to compute the equivariant elliptic genus of the 2d CFT.6 Also, the position
of the saddle point (2.8), when we substitute the level (3.21), agrees with [15, (5.6)].
5Notice that this case, called the universal twist [14, 26], is not particularly interesting for our purposes.
It leads to a 2d unitary CFT (cr > 0), at large N , only when the compactification is done on higher genus
Riemann surfaces. As it can be seen from (3.23), in the case of S2 at large N , where a4d = c4d, the central
charge cr is negative. Moreover, in many examples the four-dimensional R-symmetry is not integer-valued.
6With the identification e0 = nl − cl24 .
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3.2.3 N = 4 super Yang-Mills in the large N limit
As a concrete example, let us put N = 4 super Yang-Mills theory on S2. We use a
basis of the U(1)3 ⊂ SO(6)R symmetry assigning charge +1 to chiral superfields Φ1,2,3,
respectively; we call their generators and field strengths as Q1,2,3 and F1,2,3, respectively.
The 4d anomaly polynomial in the large N limit, for the gauge group U(N), is
A4d ≈ N
2
2
c1(F1)c1(F2)c1(F3) . (3.27)
Let us now embed the 2d U(1)R symmetry in the direction ∆iQi with
∑
∆i = 2. We
write c1(Fi) = ∆ic
2d
1 (FR)− (si/2)(e/2) where e is the Euler class of S2, so that the flux on
S2 is given by −si/2 =
∫
S2
c1(Fi). Supersymmetry in 2d requires
∑
si = 2. Plugging this
into (3.27) and integrating over S2 using the Bott-Cattaneo formula, one finds
A2d ≈ −N
2
2
(∆1∆2s3 +∆2∆3s1 +∆3∆1s2)c1(FR)
2 − N
2
8
s1s2s3 c1(J)
2 . (3.28)
We can now extract the 2d trial central charge using (3.22); this parameterizes the mixing
of the R-symmetry with the flavor symmetries. We can also read off the level of the
rotational symmetry along S2 using (2.11) and (2.12). The results are:
cr(∆i) = −3N2(∆1∆2s3 +∆2∆3s1 +∆3∆1s2) ,
k =
N2
4
s1s2s3 .
(3.29)
Note that,
k =
8
27
(3c4d(si)− 2a4d(si)) , (3.30)
where
a4d(si) = c4d(si) =
9
32
trR3 =
9N2
32
(
1 +
3∑
i=1
(si − 1)3
)
, (3.31)
since trR is identically zero for N = 4 SYM. The exact central charge of the 2d theory can
be obtained by extremizing cr(∆i) with respect to ∆i with the constraint
∑3
i=1∆i = 2,
and reads [13]
cCFT = 12N
2 s1s2s3
s21 + s
2
2 + s
2
3 − 2s1s2 − 2s2s3 − 2s3s1
. (3.32)
3.3 Going from 6d to 2d
Let us next discuss the compactification of 6d N = (2, 0) theory on four-dimensional
manifolds. The eight-form anomaly polynomial of the abelian six-dimensional N = (2, 0)
theory is given by [28]
A6d[1] = 1
48
[
p2(R)− p2(TZ8) + 1
4
(p1(TZ8)− p1(R))2
]
. (3.33)
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Then, for a generic (2, 0) theory of type G it reads
A6d[G] = rGA6d[1] + dGhG
24
p2(R) , (3.34)
where rG, dG, and hG are, respectively, the rank, dimension, and Coxeter number of G.
We restrict out attention to G = AN−1 and the leading piece in the large N limit, which
has the form
A6d[AN−1] ≈ N
3
24
p2(R) , (3.35)
as is obvious from (3.34).
3.3.1 (2, 0) theory on S2 ×Σg in the large N limit
Let us compactify the six-dimensional theory on S2 ×Σg, where Σg is a Riemann surface
of genus g. We will consider the gravity dual of this case in section 4. The holonomy
group is SO(2)×SO(2) and we can preserve N = (0, 2) supersymmetry in two dimensions
by turning on an abelian background gauge field coupled to an SO(2)× SO(2) ⊂ SO(5)R,
embedded block-diagonally. We only consider the case that the SO(5) R-symmetry bundle
is a sum of two line bundles whose first Chern classes are x1,2, so that
p1(R) = x
2
1 + x
2
2 , p2(R) = x
2
1x
2
2 . (3.36)
We parameterize the fluxes through S2 and Σg by
− tσ =
∫
S2
xσ , −sσ =
∫
Σg
xσ . (3.37)
In addition, we embed the 2d trial R-symmetry to the 6d R-symmetry using parameters
∆σ. In the end we perform the replacement
xσ → −tσ
2
e(S2)− sσ
2(1− g)e(Σg) +∆σc1(FR) , σ = 1, 2 , (3.38)
where e(S2) and e(Σg) are the Euler classes of the respective surfaces. The parameters
satisfy the following constraints to preserve the supersymmetry:
∆1 +∆2 = 2, t1 + t2 = 2 , s1 + s2 = 2(1− g) . (3.39)
A short computation using the Bott-Cattaneo formula gives
A2d ≈ N
3
12
(
s1t1∆
2
2 + 2(s1t2 + s2t1)∆1∆2 + s2t2∆
2
1
)
c1(FR)
2
+
N3
48
t1t2(s1t2 + s2t1)c1(J)
2 ,
(3.40)
where c1(J) is the first Chern class of the background U(1) gauge field coupled to the
rotation of S2. We note that the first line was already computed in [29, (C.10), (C.11)],
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while the second line is the correction to the anomaly polynomial due to the angular
momentum along S2. We immediately extract the 2d trial central charge and, using (2.11)
and (2.12), the level of the rotational symmetry along S2
cr(∆i) =
N3
2
(
s1t1∆
2
2 + 2(s1t2 + s2t1)∆1∆2 + s2t2∆
2
1
)
,
k = −N
3
24
t1t2(s1t2 + s2t1) .
(3.41)
The exact central charge of the 2d theory can be obtained by extremizing cr(∆i) with
respect to ∆i with the constraint
∑2
i=1 ∆i = 2 and reads [13]
cCFT = 2N
3 s
2
1t
2
2 + s1s2t1t2 + s
2
2t
2
1
s1(2t2 − t1) + s2(2t1 − t2) . (3.42)
3.3.2 (2, 0) theory on toric Ka¨hler surfaces
Let us next consider the 6d theory on compact toric Ka¨hler surfacesM. We first summa-
rize the mathematical information we need. Such a complex surface has U(1)2 isometry
under which the fixed points are isolated, and is specified by the toric data ~n` ∈ Z2. Here,
` = 1, 2, . . . , n where n is the number of the fixed points, and we assume that the vectors ~n`
are ordered counter-clockwise; as a convenience, we regard the subscripts are defined mod-
ulo n. We only consider the case whenM is smooth, for which we have det(~n`, ~n`+1) = 1.
Each vector ~n` specifies a divisor D` at which a linear combination of two U(1) isometries
specified by ~n` degenerates. Then D` and D`+1 intersect and specify the `-th fixed point
x`.
We denote two first Chern classes of the U(1)2 isometry by a = c1(Ja) for a = 1, 2.
The tangent bundle at the fixed point x` splits as a sum of two line bundles whose first
Chern classes are 
(`)
1,2, which are given by

(`)
1 = − det(~n`+1,~) , (`)2 = det(~n`,~) , (3.43)
in terms of ~ = (1, 2). The equivariant localization formula now reads∫
M
ω =
∑
`
ω|x`

(`)
1 
(`)
2
=
∑
`
ω|x`
det(~n`,~) det(~, ~n`+1)
. (3.44)
We note that H2(M) is (n− 2)-dimensional, while H2U(1)2(M) is extended by the first
Chern classes of the U(1)2 isometry and therefore is n-dimensional. The natural basis
elements are given by c1(L`), the 1st Chern classes of the equivariant line bundles L`
corresponding to the divisor D`. Among them, purely equivariant bundles specified by
~w ∈ Z2 correspond to ∑
`
det(~w,~n`)c1(L`) . (3.45)
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The restriction of c1(L`) to the fixed point x`′ is given by
c1(L`)|x`′ =


(`−1)
2 = det(~n`−1,~) if `
′ = `− 1 ,

(`)
1 = − det(~n`+1,~) if `′ = ` ,
0 otherwise .
(3.46)
We can check that the restriction of (3.45) on each fixed point x`′ is∑
`
det(~w,~n`)c1(L`)|x`′ = det(~w,~) , (3.47)
independent of `′.
Using the equivariant integration formula (3.44) and the restrictions (3.46), we can
reproduce the well-known intersection numbers
D` ·D`′ =
∫
M
c1(L`)c1(L`′) =

+1 if `′ = `± 1 ,
− det(~n`−1, ~n`+1) if `′ = ` ,
0 otherwise .
(3.48)
We have c1(TM) =
∑
` c1(L`) =
∑
`D` and therefore the canonical class is K = −
∑
`D`.
Let us now consider the compactification of the 6d N = (2, 0) theory on M to have
a 2d theory. As before, to find the anomaly of the 2d theory, we need to integrate
(N3/24)p2(R) = (N
3/24)x21x
2
2, where we assume as before that the SO(5)R bundle re-
duces to SO(2)1 × SO(2)2 ⊂ SO(5)R and we denote the first Chern classes of SO(2)1,2 by
x1,2. We write
xa = ∆ac
2d
1 (FR) + c1(Ea) , (3.49)
where c2d1 (FR) is the 1st Chern class of the 2d R-symmetry bundle, and Ea=1,2 is a line
bundle overM specifying the SO(5)R flux overM. We parameterize Ea by writing them
as
c1(Ea) = −
∑
`
p(`)a c1(L`) . (3.50)
To preserve supersymmetry, we need
∆1 +∆2 = 2, p
(`)
1 + p
(`)
2 = 1 ∀` , (3.51)
since the preserved supercharge couples to x1 + x2 + c1(TM), which should equal 2c1(FR)
by definition. The 2d anomaly polynomial in the large N limit is then simply
A2d ≈ N
3
24
∫
M
(∆1c1(FR)−
∑
`
p
(`)
1 c1(L`))
2(∆2c1(FR)−
∑
`
p
(`)
2 c1(L`))
2 , (3.52)
which can be evaluated using the equivariant integration formula (3.44) and the restriction
(3.46) of c1(L`) on the fixed points. Explicitly,
A2d ≈ N
3
24
∑
`
(∆1c1(FR)− p(`)1 (`)1 − p(`+1)1 (`)2 )2(∆2c1(FR)− p(`)2 (`)1 − p(`+1)2 (`)2 )2

(`)
1 
(`)
2
, (3.53)
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which, after taking the sum over fixed points, becomes a quadratic polynomial in c1(FR)
and a = c1(Ja).
7
3.3.3 Example of compactifications of (2, 0) theory on toric Ka¨hler surfaces
As an example of compactifications of the (2, 0) theory on toric Ka¨hler surfaces, let us
consider F0 = P1 × P1. The toric data are
~n1 = (1, 0) , ~n2 = (0, 1) , ~n3 = (−1, 0) , ~n4 = (0,−1) . (3.54)
F0
l 1 2 3 4

(l)
1 1 2 −1 −2

(l)
2 2 −1 −2 1
~n1, D1
~n2, D2
~n3, D3
~n4, D4
There are only two independent non-equivariant cohomology classes in H2(F0). Corre-
spondingly, we define the expansion coefficients as follows:
p
(1)
i = p
(3)
i ≡
si
2
, p
(2)
i = p
(4)
i ≡
ti
2
, for i = 1, 2 , (3.55)
with
s1 + s2 = 2 , t1 + t2 = 2 . (3.56)
The localization formula (3.53) then gives
A2d ≈ N
3
12
(
s1t1∆
2
2 + 2(s1t2 + s2t1)∆1∆2 + s2t2∆
2
1
)
c1(FR)
2
+
N3
48
t1t2(s1t2 + s2t1)c1(J1)
2 +
N3
48
s1s2(s1t2 + s2t1)c1(J2)
2 ,
(3.57)
which correctly reduces to (3.40) for the compactification on S2×Σg for g = 0 when we set
c1(J2) = 0. Notice that there is no mixing of the two-dimensional R-symmetry with the
rotational isometries. This is due to the fact that, on P1 × P1, the rotational symmetries
are enhanced to SU(2)× SU(2).
As a second and less symmetric example, let us consider F1, the blowup of P2 at a
point. The toric data are
~n1 = (1, 0) , ~n2 = (0, 1) , ~n3 = (−1, 1) , ~n4 = (0,−1) . (3.58)
7As briefly discussed in appendix A, the entropy function based on gravitational blocks introduced in
[21] is the gravitational counterpart of (3.53).
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F1
l 1 2 3 4

(l)
1 1 1 + 2 −1 −2

(l)
2 2 −1 −1 − 2 1
~n1, D1
~n2, D2
~n3, D3
~n4, D4
We note that the isometry is actually SU(2)×U(1), such that 1 corresponds to the U(1)
subgroup of SU(2).
There are again only two independent divisors and thus only two physical fluxes. As
before, we choose the parameterization
p
(1)
i = p
(3)
i ≡
si
2
, p
(2)
i = p
(4)
i ≡
ti
2
, for i = 1, 2 , (3.59)
with
s1 + s2 = 2 , t1 + t2 = 2 . (3.60)
Then, the localization formula (3.53) yields
A2d = N
3
12
(∆2s1(2∆1t2 +∆2t1) +∆1s2(∆1t2 + 2∆2t1)) c1(R)
2
+
N3
48
t1t2(c1(J1) + 2c1(J2))(∆1t2 +∆2t1)c1(R)
+
N3
96
(s2t1 + s1t2)
(
2s1s2c1(J1)
2 + t1t2
(
c1(J1)
2 + 2c1(J1)c1(J2) + 2c1(J2)
2
))
.
(3.61)
This time we see that the rotational symmetries J1 and J2 mix with the R-symmetry. To
find the exact one, we write the trial central charge
cr(∆i, i) =
N3
2
(∆2s1(2∆1t2 +∆2t1) +∆1s2(∆1t2 + 2∆2t1))
+
N3
8
t1t2(1 + 22)(∆1t2 +∆2t1)
+
N3
16
(s2t1 + s1t2)
(
2s1s2
2
1 + t1t2
(
21 + 212 + 2
2
2
))
,
(3.62)
where we are slightly abusing the notation by using a for the mixing parameter with
the trial R-symmetry and the rotational symmetry Ja, via c1(Ja) = ac1(FR). We now
extremize the trial central charge with respect to ∆i and a under the constraint ∆1+∆2 =
2. The critical points are given by
∆¯1 =
8s21(t1 − t2)t2 + 8s2s1t1(t1 − 2t2) + 2t21 (t2(t2 − t1)− 4s22)
4s21t2(t1 − 2t2) + 4s2s1 (t21 − 4t2t1 + t22)− t1 (s22(8t1 − 4t2) + (t1 − t2)2t2)
,
¯1 = 0 ,
¯2 =
8 (s2t
2
1 + s1t
2
2)
4s21t2(t1 − 2t2) + 4s2s1 (t21 − 4t2t1 + t22)− t1 (s22(8t1 − 4t2) + (t1 − t2)2t2)
.
(3.63)
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The exact central charge then reads
cCFT = 2N
3 (s2t1 + s1t2) (4s
2
2t
2
1 + 4s1s2t2t1 + t
2
2 (4s
2
1 − t21))
t1 (s22(8t1 − 4t2) + (t1 − t2)2t2)− 4s21t2(t1 − 2t2)− 4s2s1 (t21 − 4t2t1 + t22)
.
(3.64)
We pause here to mention that ¯1 = 0 because the corresponding U(1) rotational symmetry
is part of an SU(2) isometry, and therefore cannot mix with the R-symmetry.
In the previous examples we chose a representative for the physical fluxes. It is easy
to see that turning on purely equivariant bundles would not affect the result. It follows
indeed from (3.47) that purely equivariant fluxes can be reabsorbed in a redefinition of ∆i
and, in particular, they do not affect the value of the exact central charge.
We should note that positivity of the central charge after c-extremization does not
guarantee alone that the 2d CFT exists. Examples where c-extremization fails are given in
[13]. In particular, supergravity solutions based on Einstein-Ka¨hler surfaces and a single
flux along c1(TM) (all p(`)i equal) exist only for surfaces with negative curvature, thus
suggesting the corresponding compactifications on positively curved surfaces are unstable
at large N , although c-extremization gives a positive central charge cCFT in various cases,
including examples for P1 × P1 and P2.
4 Rotating black strings in AdS5 and AdS7
We now switch gear and turn to the bulk duals of some of the field theory results obtained
so far. In particular, we focus on the rotating black strings with AdS7 × S4 asymptotics,
that are holographically dual to the 6d N = (2, 0) theory on T 2 × S2 × Σg. These
solutions are a two-parameter generalization of the black strings with a topological twist on
T 2×Σg1×Σg2 in [13] that include an extra free electric charge parameter in addition to the
angular momentum.8 We are in search for an analytic form of the near-horizon geometries
of these black strings, and will only argue on general grounds about the existence of a
full flow interpolating between the horizon and the asymptotic spacetime that as a rule
can be only constructed numerically. From supergravity perspective it then turns out to
be convenient to use the dimensional reduction along the Riemann surface down to five
dimensions, already performed in [30]. We can then go one step further and reduce along
the length of the black strings to a four-dimensional black hole carrying momentum along
the compactification circle, similarly to the path taken in [29]. This will prove equally
useful in the comparison with the microscopic results since the resulting four-dimensional
black hole entropy can be directly matched with the charged Cardy formula we reviewed
in section 2. Note that due to the passage via five dimensions, we would also be able to
relate the same near-horizon geometry to AdS5 asymptotics as indicated schematically on
the figure below.
8Note that the refinement by angular momentum only exists on S2 and not at higher genera.
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maximal
7d sugra
AdS7
STU + UHM [30]
5d N = 2 sugra
Σg
AdS5 BTZnS2
AdS2 n S2STU + UHM4d N = 2 sugra
S1
Maldacena-Nun˜ez flow [31]
Rotating black string in AdS5
Rotating black string in AdS7
The 4d/5d connection [32–34]
Figure 1. Supersymmetric solutions in gauged supergravity and the flows that connect them.
The direction of the one-sided arrows indicates the decrease of energy scale along the holographic
RG flow.
The solutions we are after fall in the general class of rotating black holes with a twist of
[18], with one important additional layer of complication. The resulting four-dimensional
supergravity, apart from the three vector multiplets described by the so-called STU model,
features one hypermultiplet, called the universal hypermultiplet (UHM). The non-trivial
scalar potential, needed for AdS asymptotics, is realized by gauging two particular abelian
isometries of the quaternionic manifold spanned by the hypermultiplet scalars. This in turn
leads to the phenomenon of spontaneous symmetry breaking rendering one of the gauge
fields massive, as discussed in [35] and [36]. Similar black hole solutions with charged
hypermultiplets were also analyzed in [37–42].
Choosing to look for the relevant near-horizon geometry in 4d supergravity makes the
problem at hand very similar to the one for rotating AdS5 × S5 black string solutions
discussed in [15]. These are holographically dual to four-dimensional N = 4 SYM on
T 2 × S2 and they can be obtained in a four-dimensional supergravity based on the STU
model and no hypermultiplets. The corresponding solutions can be obtained from the
general setting discussed in this section by setting the hyperscalars to constants and the
corresponding killing vectors to zero. We will recover and review these solutions in section
4.4 for future reference.
4.1 The 4d supergravity model
Before going in details about the supersymmetry preserving Higgs mechanism and the
way it allows us to find the solutions, let us first turn to the proper definition of the
four-dimensional model we are interested in. We employ a series of three consecutive
dimensional reductions, partially sketched in the figure 1, starting from the Kaluza-Klein
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reduction of eleven-dimensional supergravity on S4 down to seven-dimensional maximal
SO(5) gauged supergravity [43, 44]. The next step is the reduction on a Riemann surface
Σg of an arbitrary genus g down to five-dimensionalN = 2 gauged supergravity [30], which
via the 4d/5d connection [32–34] on a spatial circle we can also view it as four-dimensional
N = 2 gauged supergravity.
The four-dimensional model we are interested in, which very closely resembles its five-
dimensional origin, consists of the N = 2 gravity multiplet (bosonic fields: the metric gµν
and a U(1) gauge field A0µ) with additional three vector multiplets (each with a complex
scalar zi, i = 1, 2, 3, and a U(1) gauge field Aiµ) and one hypermultiplet (with four real
scalars qu, u = 1, .., 4). We follow the notation and conventions of [45], where one can find
all details of the theory with general hypermultiplet gaugings. The quantities in the vector
multiplet sector, as well as the supersymmetric solution, are most conveniently written in
a symplectic duality-covariant language in terms of vectors. The complex scalars can be
parametrized by symplectically covariant sectionsX i/X0 ≡ zi, such that the corresponding
scalar manifold is uniquely determined by the so-called prepotential F(XI), I = {0, i}, of
special Ka¨hler geometry. More specifically, in the case of the STU model we are dealing
with, the prepotential is given by
F (XI) = X1X2X3
X0
, (4.1)
which parametrizes the manifold [SU(1, 1)/U(1)]3. Furthermore, we need to extensively
use the formalism where various vectors, such as the vector of the symplectic section
{XI , FI ≡ ∂F/∂XI}, or the vector of electromagnetic charges Γ = {pI ; qI}, are contracted
amongst each other quartically in a symplectically invariant way. For these purposes we
need the definition of the quartic invariant I4, which in the case of the STU model and
the example of the quartic contraction of the charge vector Γ , reads9
I4(Γ ) = 4q0p
1p2p3 −
3∑
i=1
(piqi)
2 + 2
3∑
i<j
qip
iqjp
j − p0
(
4q1q2q3 + p
0(q0)
2 + 2q0
3∑
i=1
piqi
)
.
(4.2)
For a more pedagogical introduction to symplectic covariance, the symplectic inner product
〈·, ·〉, the I4-formalism, along with various useful identities, see the appendices of [18, 21,
46, 47].
The four real scalars that make up the bosonic content of the universal hypermultiplet
parametrize the coset space SU(2, 1)/U(2). In one of the standard conventions that we
follow here, the metric on this space can be written in terms of the real coordinates
{φ, σ, ζ, ζ˜},
ds2hyp = dφ
2 +
1
4
e2φ
(
dζ2 + dζ˜2
)
+
1
4
e4φ
[
dσ + 1
2
(ζ˜dζ − ζdζ˜)
]2
. (4.3)
9The electromagnetic charge vector Γ = {pI ; qI} is defined as Γ = 14pi
∫
S2
F , where F is the symplectic
vector of spatial field strengths.
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The isometry group SU(2, 1) has eight generators; two of these are used for gauging in the
models we consider explicitly below, generating the group R × U(1). The corresponding
Killing vectors read
kR = ∂σ , k
U(1) = −ζ˜∂ζ + ζ∂ζ˜ . (4.4)
These two isometries are each gauged by a particular linear combination of the vector fields.
It is then natural to construct the symplectic vectors {kuI ; kuI }, which define the theory
uniquely together with the choice of prepotential (4.1) and the hypermultiplet metric (4.3).
For the case at our disposal, the gauging of the two isometries described above is realized
explicitly in the following way [30],
k1 = −(κ− z1)
2m
kR +mkU(1) , k2 = −(κ+ z1)
2m
kR +mkU(1) ,
k3 = −mkR , k0 = k0,1,2,3 = 0 .
(4.5)
Here κ denotes the scalar curvature of the Riemann surface (κ = 1 for g = 0, κ = −1
for g > 1), z1 specifies the magnetic flux on Σg, and m is the 7d supergravity coupling
constant. The mapping between the parameters here and those in [30] are given by
pthere1 = −
κ− z1
4m
, pthere2 = −
κ+ z1
4m
, (4.6)
where pthere1,2 are the magnetic fluxes on Σg for the gauge fields A
1 and A2 corresponding
to the Cartan generators of SO(5). The constraint pthere1 + p
there
2 = − κ2m is the twisting
condition imposed by supersymmetry. In the other parts of this paper, we use the notation
s1,2 = |g − 1|(κ ± z1) instead, see (5.28). Note also that the vector field A(0)µ in [30]
corresponds to our A3µ, while A
0
µ here is reserved for the Kaluza-Klein vector coming from
the extra reduction to four dimensions.
From the quaternionic Killing vectors one can further define a triplet of moment maps
P x, x = 1, 2, 3, that are required to write down the supergravity Lagrangian, see [45]. The
moment maps associated to the two different gauged isometries (4.4) are given by
PR =
(
0, 0,−1
2
e2φ
)
, PU(1) =
(
ζ˜eφ,−ζeφ, 1− 1
4
(ζ2 + ζ˜2)e2φ
)
, (4.7)
and we discuss them in more details in relation to the explicit solution we are after.
4.2 Near horizon parameters and the BPS Higgsing process
Let us now focus on the particular supersymmetric solution of the type AdS2n S2, which
will be the near-horizon geometry at the end of the black string flow. For now we assume
that the moment maps defined above will only be non-vanishing along the third direction,
P 3 6= 0, such that we can solve for the metric, gauge fields and vector multiplet scalars as
in [15]. We discuss the conditions coming solely from the vector multiplets first, then go
on to the conditions coming from the universal hypermultiplet.
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4.2.1 Supersymmetry conditions coming from the vector multiplets
We are interested in the following set of electromagnetic charges,
Γ = {p0 = 0, pi; q0, qi} , (4.8)
which, together with the conserved angular momentum J , will eventually specify the
complete supersymmetric solution. In terms of the 5d/7d rotating black strings, the pi
and qi are the magnetic and electric charges, while q0 has the interpretation of momentum
added along the string direction.
The four-dimensional metric we are interested in has the form
ds24 = −e2u
(
rdt− j
v
sin2(θ)dϕ
)2
+ e−2u
(
dr2
r2
+ v2
(
dθ2 + sin2(θ) dϕ2
))
, (4.9)
where
e−2u =
√
I4(I0) , vI0 = H0 + jP 3 cos(θ) , v = 〈P 3,H0〉 , (4.10)
such that for now the arbitrary symplectic vector of constant parameters H0 and the extra
parameter j specify completely the metric. In the above formulae we already imposed
regularity of the metric and absence of conical singularities near the poles, which imply
the constraints
〈H0, I ′4(P 3)〉 = 〈P 3, I ′4(H0)〉 = 0 . (4.11)
The symplectic sections at the horizon, after a suitable gauge choice, are given by
{XI ;FI} = − 1
2
√
I4(I0)
I ′4(I0) + iI0 . (4.12)
Ultimately, the solution is uniquely fixed in terms of the conserved electromagnetic charges
Γ and the angular momentum J from the attractor equations
Γ =
1
4
I ′4
(H0,H0, P 3)+ 1
2
j2 I ′4
(
P 3
)
, (4.13)
and
J = − j
2
(
〈I ′4(P 3), I ′4(H0)〉 −
1
2
I4(H0,H0, P 3, P 3)〈P 3,H0〉
)
, (4.14)
that can be used to determine the parameter j and the vector H0. Moreover, we should
impose the condition coming from the supersymmetric twist in the case where the horizon
has spherical topology,
〈P 3, Γ 〉 = −1 . (4.15)
The allowed conserved charges are therefore constrained by this twisting condition, as well
as by the constraints (4.11) that decrease the parameter space of charges for regular black
holes.
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4.2.2 Supersymmetry conditions coming from the universal hypermultiplet
Now that we have characterized fully the near-horizon in the absence of the universal
hypermultiplet, we should see how the additional degrees of freedom are fixed in a super-
symmetric way. The same two isometries of the UHM that are used for gauging in the
present model show up in the consistent truncation to four dimensions of massive type
IIA theory on S6. Therefore we can treat them as in [36], in particular noticing that the
two gauged isometries give rise to two substantially different physical pictures. While the
gauging of only the U(1) isometry would allow one to decouple completely the hypermul-
tiplet sector from the rest, the gauging of the R isometry leads to spontaneous symmetry
breaking and gives mass to one of the gauge fields. The latter process means that one of
the vector multiplets combines with the hypermultiplet to make a single massive vector
multiplet and thus in a BPS way decreases the massless degrees of freedom.
Dealing with the U(1) isometry first, notice that upon fixing the two hypermultiplet
scalars ζ and ζ˜ to zero, the Killing vector and moment maps reduce to
ζ = ζ˜ = 0 ⇒ kU(1) = 0 , PU(1) = (0, 0, 1) , (4.16)
such that there is no real coupling between the hypermultiplet sector and the vector
multiplet sector anymore and one can directly use the formulae on the previous page in
order to obtain a supersymmetric solution.
The situation with the R isometry is clearly different since the Killing vector kR cannot
vanish and thus the scalar σ is always coupled under the linear combination kσi A
i
µ, giving
this particular vector field a mass proportional to the non-vanishing e4φ. The scalar σ is
then the Goldstone boson that gets eaten up by the new massive vector. Imposing maximal
supersymmetry in the hypermultiplet sector, the BPS equations [35] essentially tell us that
the massive vector multiplet decouples from the rest. We need to have covariant constant
hyperscalars, implying as integrability condition the following constraint,
∇µqu = 0 ⇒ 〈kσ, Fµν〉 = 0 , 〈kσ, Γ 〉 = 0 . (4.17)
Here we have already reduced the original Killing vector (4.5) to
kσ =
{
0; 0,−κ− z1
2m
,−κ+ z1
2m
,−m
}
, (4.18)
and corresponding symplectic vectors for the moment maps
P 1 = P 2 = 0 , P 3 =
{
0; 0,m+
κ− z1
4m
e2φ,m+
κ+ z1
4m
e2φ,
m
2
e2φ
}
, (4.19)
as evaluated at the point ζ = ζ˜ = 0. We additionally require the hyperscalar φ to be
constant, as well as the final constraint from [35],
kσi X
i = 0 , (4.20)
– 24 –
which needs to be applied on the form of the sections as found in (4.12). This therefore
reduces the parameter space of solutions, as it leads to a number of constraints on the
symplectic vector H0 labeling the solutions,
〈kσ,H0〉 = 〈kσ, I ′4(H0)〉 = I4(kσ, P 3,H0,H0) = I4(kσ, P 3, P 3,H0) = 0 . (4.21)
Note that in this case the potential additional constraints 〈kσ, P 3〉 = 〈kσ, I ′4(P 3)〉 = 0 are
identities of the model.
We can therefore conclude that the full supersymmetric near-horizon geometry, after
employing the BPS-Higgsing mechanism, can be found by imposing the attractor equations
(4.13)-(4.14) along with the constraints (4.15), (4.17), and (4.21) on our model specified
by (4.2), (4.8), (4.18) and (4.19).
Let us finish with the quantity of main interest here, the Bekenstein-Hawking entropy
SBH(p
i, q0, qi,J ) = A
4G
(4)
N
=
pi
G
(4)
N
√
I4(H0)− j2 , (4.22)
which via the attractor equations (4.13) and (4.14) is a function of Γ and J . It is also
useful to define the real chemical potential conjugate to the angular momentum J as in
[18],
w ≡ j
v
√
I4(H0)− j2
. (4.23)
4.3 Explicit solution
The final solution that we find is parameterized by one additional twist parameter z2 (on
top of z1) fixing the three magnetic charges p
i, one free parameter q fixing the electric
charges qi, as well as the charges q0 and J . We parametrize the electromagnetic charges
in the following way,
Γ =
{
0,−1 + z2
2m
,−1− z2
2m
,
κ− z1z2
2m3
; q0,−q
(
1− 2z2 + κ
z1
)
,−q
(
1 + 2z2 − κ
z1
)
, 2m2
z2
z1
q
}
,
(4.24)
which allows us a somewhat shorter presentation of the main quantities of interest.
One can easily convert to the notation we used in section 3.3.1 by identifying
s1,2 = |g− 1|(κΣg ± z1) , t1,2 = κS2 ± z2 , (4.25)
where we furthermore have κΣg = κ, κS2 = 1. The hyperscalar φ is fixed by
e2φ = − 4m
2(κ+ κz22 − 2z1z2)
(3 + z22)− 8κz1z2 + z21(1 + 3z22)
, (4.26)
while the vector multiplet scalars can be found from the symplectic vector H0 = {α0; β0}
that can be parametrized as follows
α0 =
{
0, ar + al, al − ar, arz1 − alκ
m2
}
,
β0 =
{
b0, b
(
− alz1
2arz1 − alκ + 1
)
, b
(
− alz1
2arz1 − alκ − 1
)
,
2m2bar
2arz1 − alκ
}
.
(4.27)
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The counting of independent parameters in the vector of four-dimensional electromag-
netic charges works as follows. The parameters pI and qI associated with massive vectors
are not conserved and are fixed by the BPS conditions. There are only three massless vec-
tors. The magnetic charge for A0 is zero by construction and one extra magnetic charge is
fixed by the twisting condition. As usual with BPS AdS black holes, there is one additional
constraint on the electric charges.
Upon defining the quantities
Π = (1 + 3z22)z
2
1 − 8z1z2κ+ (3 + z22) ,
Θ = (κ2 + z21 − 2z1z2κ)(z2κ+ z1 + κ− 3z1z2)(z2κ+ z1 − κ+ 3z1z2) ,
(4.28)
we can write
al = −κ− 3z1z2
2m
√
Π
Θ
, ar =
z1 + z2κ
2m
√
Π
Θ
, b = −κ
2 + 2z21 − z1z2κ
z1
q
√
Π
Θ
. (4.29)
The explicit expression of b0 is left out due to its length and lack of insight. Finally, we
can evaluate the parameter j in terms of the conserved angular momentum via (4.14). It
reads
j =
Π3/2
(z22 − 1)(κ− z1z2)Θ1/2
J . (4.30)
The entropy, in the canonical normalization m = 2, is then given by
SBH(z1, z2, q0, q,J ) = pi
8G
(4)
N
√
Π
κ− 3z1z2
(
q0 − 16 (κ− 3z1z2)
z21
q2 − 64J
2
(z22 − 1)(κ− z1z2)
)
.
(4.31)
The holographic central charge csugra(z1, z2) can also be computed, a` la Brown-Henneaux
[48], as [13]
csugra =
3
128G
(4)
N
Π
(κ− 3z1z2) . (4.32)
Note that regular solutions with a positive central charge exist only in the case when
κ = −1 corresponding to g > 1, see [13, Fig. 5].
4.4 Recovering rotating black strings in AdS5 × S5
A similar solution for the model with prepotential (4.1) but without hypermultiplets was
presented in [15]. The model describes rotating AdS5 × S5 black string solutions that
generalize the static ones in [13] by including angular momentum and two electric charges.
The solutions can be recovered in the general setting of this section by setting all the
hyperscalars to a constant value, the Killing vectors to zero, and the moment maps to
P 3 = G, a constant symplectic vectors of Fayet-Iliopoulos parameters (or FI gauging).
We give some details about the solution here, since we will need them later. The
model is specified by the same prepotential
F (XI) = X1X2X3
X0
, (4.33)
– 26 –
and FI parameters
G = {0; 0, 1, 1, 1} . (4.34)
The vector of electromagnetic charges is
Γ = {p0 = 0, pi; q0, qi} , (4.35)
where now all vectors are massless and all the pI and qI are conserved charges. One
magnetic charge fixed by the twisting condition
p1 + p2 + p3 = −1 , (4.36)
and one extra electric charge by the BPS conditions
q1 p
1 (1 + 2p1) + q2 p
2 (1 + 2p2) + q3 p
3(1 + 2p3) = 0 . (4.37)
The entropy reads
SBH(p
i, q0, qi,J ) = pi
G
(4)
N
√
−I4(Γ )− J 2
ΘSTU
. (4.38)
with
ΘSTU = (p1)2 + (p2)2 + (p3)2 − 2(p1p2 + p1p3 + p2p3) ,
ΠSTU = (−p1 + p2 + p3)(p1 − p2 + p3)(p1 + p2 − p3) . (4.39)
This expression simplifies in the purely magnetic case
SBH(p
i, q0,J ) = pi
G
(4)
N
√
−4q0p1p2p3 − J 2
ΘSTU
≡ pi
G
(4)
N
√
W . (4.40)
The holographic central charge reads [13]
csugra = − 6
G
(4)
N
p1p2p3
ΘSTU
. (4.41)
For completeness, and in order to illustrate a simple point, let us also present the form
of the near-horizon BTZnS2w geometry of the black string solutions in this case. We find,
ds25 =
(p1p2p3Π)2/3
Θ2
(
−r2dτ 2 + dr
2
r2
+
WΘ2
(p1p2p3)2
(
dy +
(p1p2p3)
Θ
√W rdτ
)2)
+
(p1p2p3)2/3
Π1/3
(
dθ2 + sin2 θ
(
dϕ− J
(p1p2p3)
dy
)2)
,
(4.42)
where we used the coordinate rescaling τ = Θ
2
Π
√W t in order to write the metric in the
standard BTZ coordinates, and suppressed the STU superscript.
The form of the near-horizon metric is simple enough to actually see what happens
upon a further reduction down to three dimensions without performing such a reduction
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in full detail. The fibration would give rise to an additional three-dimensional gauge field
AJ which is evidently a pure gauge. Since the BTZ circle described by the y-coordinate is
non-contractible, the gauge field carries a (three-dimensional) electric charge proportional
to J . Indeed, we know that the Chern-Simons term for the gauge field in three dimensions
imposes it to locally be a pure gauge, and therefore we see that the form of the metric
(4.42) is the most general one we could expect, see also the discussion above (2.31) in
[5]. We should note that a careful reduction to three dimensions generalizing [49], albeit
out of the present scope, would still be interesting as an independent way of deriving the
Chern-Simons level k of the gauge field AJ . The analogous form of the near-horizon metric
and subsequent discussion pertains equally well to the previous subsection concerning the
black strings in AdS7, which in the static case were also reduced to three dimensions in
[50].
5 Black strings microstates and the charged Cardy formula
In this section we compare the gravity results we have obtained for the entropy of the
rotating black strings with the charged Cardy formula and the prediction from the anomaly
polynomial. We will start by reviewing the case of AdS5 × S5, where the comparison was
already done at the level of the elliptic genus in [15], and then we move on to AdS7 × S4.
5.1 Black strings in AdS5 × S5
We consider the twisted compactification of N = 4 SYM on S2 in the large N limit. In
this limit, the anomaly polynomial was computed in (3.28), which we reproduce here:
A2d ≈ −N
2
2
(∆1∆2s3 +∆2∆3s1 +∆3∆1s2)c1(FR)
2 − N
2
8
s1s2s3 c1(J)
2 , (5.1)
where the fluxes si (satisfying
∑3
i=1 si = 2) and the chemical potentials ∆i (satisfying∑3
i=1 ∆i = 2) are associated with the Cartan subalgebra U(1)
3 ⊂ SO(6) of the R-
symmetry. Recall that ∆i is conjugate to the generator Qi that assigns charge +1 to
the chiral field Φi and zero to the others, in the standard N = 1 description of N = 4
SYM. Notice that J does not mix with the R-symmetry, since it is part of the non-abelian
rotational symmetry SU(2). For the convenience of the reader we also repeat the formulae
for the 2d trial central charge and the level of the rotational symmetry k that can be
extracted from (5.1) and we already presented in (3.29)
cr(∆i) = −3N2(∆1∆2s3 +∆2∆3s1 +∆3∆1s2) ,
k =
N2
4
s1s2s3 ,
(5.2)
and the exact central charge of the 2d CFT obtained by extremizing cr(∆i)
cCFT = 12N
2 s1s2s3
s21 + s
2
2 + s
2
3 − 2s1s2 − 2s2s3 − 2s3s1
. (5.3)
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The elliptic genus of the 2d CFT can be extracted from the refined topologically twisted
index of the four-dimensional conformal field theory, which is the partition function on
T 2 × S2 with a topological twist along S2 [16]. The high-temperature limit of the refined
twisted index for N = 4 SYM was computed in [15] and, at large N , reads
logZ(τ, µ,∆i) =
ipi
12τ
(
cr(∆i)− 3µ
2
pi2
k
)
, (5.4)
in agreement with (2.5). The density of states ρ(n, J,Qi) is then obtained by extremizing
10
IQFT(τ, µ,∆i) = logZ(τ, µ,∆i)− ipi
3∑
i=1
∆iQi − iµJ − 2piiτe0 + λ
( 3∑
i=1
∆i − 2
)
, (5.5)
and evaluating it at its critical points
log ρ(e0, J,Qi) = IQFT(τ, µ,∆i)
∣∣
crit.
. (5.6)
Here we introduced the Lagrange multiplier λ to enforce the constraint on the ∆i.
We now compare these results with the gravity prediction obtained in section 4.4.
The democratic basis in (5.1) allows an easy comparison to gravity since the massless
vector fields Ai , i = 1, 2, 3 are associated with the Cartan subalgebra U(1)3 ⊂ SO(6). In
particular, (4.36) implies si = −2pi. We will also need the following relations among 5d
and 4d quantities [15]11
G
(5)
N = 2piG
(4)
N , J =
1
2G
(4)
N
J , e0 = 1
G
(4)
N
q0 , Qi =
1
2G
(4)
N
qi . (5.7)
Finally, we will use the well-known holographic relation for AdS5 × S5
pi
2G
(5)
N
= N2 . (5.8)
From (4.41) we recover the matching cCFT = csugra obtained in [13]. It is also immediate
to see that the entropy for purely magnetically charged black holes (4.40) matches the
charged Cardy formula
SBH(p
i, q0, J) = 2pi
√
cCFT
6
(
e0 − J
2
2k
)
, (5.9)
which follows from extremizing (5.5) for Qi = 0, ∀i = 1, 2, 3. Notice that the extremization
with respect to ∆i just sets the trial central charge cr(∆i) equal to its exact value cCFT.
10From now on we absorb the vacuum energy in the definition of e0 = nl − cl24 .
11In a frame with purely electric gauging Gi, i = 1, 2, 3, (see (4.34)), the charges are quantized as
2Gip
i ∈ Z and qi/(2G(4)N Gi) ∈ Z, not summed over i.
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The dyonic case requires a little more work [15]. This time there are two flavor
symmetries in addition to the rotational one and we expect a more complicated charged
Cardy formula. We also need to take into account that the electric charges qi on the
gravity side are constrained by (4.37). This relation can be interpreted as follows: the
black hole has charge zero with respect to the exact R-symmetry of the 2d CFT
R0 =
3∑
i=1
∆¯iQi , (5.10)
where ∆¯i is the critical point of cr(∆i). Indeed, it is easy to check that
∑3
i=1 qi∆¯i = 0.
We can then choose two independent flavor charges K1 = Q1−Q3 and K2 = Q2−Q3
and write the trial R-symmetry as
R(∆i) = R0 + a1K1 + a2K2 . (5.11)
From the trial central charge
cr(∆i) = 3 tr γ3R(∆i)
2 = cCFT + 3s2a
2
1 + 3s1a
2
2 + 3(s1 + s2 − s3)a1a2 , (5.12)
we easily extract the ’t Hooft anomaly matrix12
AAB = tr γ3KAKB = N2
(
s2 1− s3
1− s3 s1
)
. (5.13)
Recall that in our conventions the level matrix is given by kAB = −AAB. Then, an explicit
evaluation of (4.38) gives [15]
SBH(p
i, q0, qi, J) = 2pi
√√√√cCFT
6
(
e0 − 1
2
2∑
A,B=1
Q˜A (k−1)AB Q˜B − J
2
2k
)
, (5.14)
where Q˜A = QA − Q3, A = 1, 2, in complete agreement with the charged Cardy formula
(2.15). Of course, this formula also follows from extremizing (5.5). It is interesting to
observe that (5.5) can be extremized for an arbitrary assignment of electric charges Qi,
but the extremum is real only when the charge under the exact R-symmetry is zero, which
corresponds to a macroscopically large black hole.
Not all values of si correspond to regular supergravity solutions. Clearly, the exact
central charge cCFT must be positive. In addition to this, regularity of the metric further
constrains the si. The region in the space of fluxes si corresponding to regular solution
has been analysed in [13, Fig. 1]. One can check that, in this region, k is always positive
while the matrix kAB has signature (1, 1).
13 This means that one of the flavor currents is
12This can be also easily computed from the multiplicity of fermionic zero-modes as in [15].
13For the flavor levels this was already observed in [13].
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supported on the supersymmetric side (the right-moving one). Since the index counts exci-
tations in the non-supersymmetric side, it is perhaps surprising that a right-moving charge
contributes to the entropy as in (5.14). The final result is consistent with the modular
transformations of the elliptic genus (2.14), which depends on the not necessarily positive
definite matrix kAB, but it would be interesting to give a simple physical interpretation of
the contribution of right-moving currents to the Cardy formula.14
5.2 Black strings in AdS7 × S4
We consider now the twisted compactification of the 6d AN−1 (2, 0) theory on S2 ×Σg in
the large N limit. The anomaly polynomial was computed in (3.40) which we reproduce
here:
A2d[AN−1] ≈ N
3
12
(
s1t1∆
2
2 + 2(s1t2 + s2t1)∆1∆2 + s2t2∆
2
1
)
c1(R)
2
+
N3
48
t1t2(s1t2 + s2t1)c1(J)
2 ,
(5.15)
with
∆1 +∆2 = 2, s1 + s2 = 2− 2g , t1 + t2 = 2 . (5.16)
The fluxes si and ti and the chemical potentials ∆i are conjugate to the charges Qi cor-
responding to the Cartan subalgebra U(1)2 ⊂ SO(5) of the R-symmetry. As before, the
non-abelian rotation group containing J does not mix with the R-symmetry. We reproduce
for the convenience of the reader the 2d trial central charge, as a function of the flavor
chemical potentials, and the level of the rotational symmetry given in (3.41)
cr(∆i) =
N3
2
(
s1t1∆
2
2 + 2(s1t2 + s2t1)∆1∆2 + s2t2∆
2
1
)
,
k = −N
3
24
t1t2(s1t2 + s2t1) ,
(5.17)
and the exact central charge of the 2d CFT
cCFT = 2N
3 s
2
1t
2
2 + s1s2t1t2 + s
2
2t
2
1
s1(2t2 − t1) + s2(2t1 − t2) . (5.18)
The exact R-symmetry of the 2d CFT is given by
R0 =
2∑
i=1
∆¯iQi , (5.19)
where ∆¯i is the critical point of cr(∆i). Introducing the flavor charge K = Q1 − Q2 and
writing
R(∆i) = R0 + aK , (5.20)
14Notice that something similar happens for the MSW black holes [2]. In this case, the appearance of
right-moving charges in the Cardy formula is explained in terms of a non-zero right-moving momentum
which is allowed by the (0, 4) algebra (see for example [51, 52] for details).
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we can rewrite the trial central charge as
cr(∆i) = 3 tr γ3R(∆i)
2 = cCFT +
N3
2
(s1(t1 − 2t2) + s2(t2 − 2t1))a2 . (5.21)
From this expression we can extract the flavor symmetry level
kFF = −AFF = − tr γ3K2 = −N
3
6
(s1(t1 − 2t2) + s2(t2 − 2t1)) . (5.22)
We now move to the comparison with the gravity results in section 4.3. To compare the
results, we will need to discuss the dictionary between gravity and field theory quantities.
The identification is complicated by the presence of one massive gauge field in the bulk.
This can be identified with [30, (26)–(28)]15
A˜3 = A3 +
κ− z1
4m
A1 +
κ+ z1
4m
A2 . (5.23)
We can write an effective theory for the massless fields at the horizon by eliminating the
massive gauge field A˜3 and the hypermultiplet degrees of freedom. As discussed in more
details in appendix A, this can be also done at the level of gauged supergravity. The BPS
condition kσIX
I = 0 allows us to eliminate one of the section
X3 = − 1
2m2
(
(κ− z1)X1 + (κ+ z1)X2
)
, (5.24)
and write an effective prepotential
F∗(XI) = −X
1X2 ((κ− z1)X1 + (κ+ z1)X2)
2m2X0
. (5.25)
This kind of approach has been already used successfully in [29, 36, 41]. We can then
identify the massless fields A1 and A2 of the effective theory with the Cartan generators
of SO(6). Notice that the elimination of A˜3 leads to a redefinition of the corresponding
electric charges
q˜1 = q1 − 1
2m2
(κ− z1)q3 , q˜2 = q2 − 1
2m2
(κ+ z1)q3 . (5.26)
With this information we can write the dictionary between field theory and gravity16
J =
1
2G
(4)
N
J , e0 = 1
G
(4)
N
q0 , Q1 =
1
4G
(4)
N
q˜1 , Q2 =
1
4G
(4)
N
q˜2 . (5.27)
The magnetic fluxes for A1 and A2 on Σg and S
2 are given in (4.6) and (4.24), respectively,
and they can be easily converted to our normalizations
s1,2 = |g− 1|(κ± z1) , t1,2 = 1± z2 . (5.28)
15 Recall that, for the sake of comparison, the vector A(0) in [30] corresponds to our A3.
16In a frame with purely electric gauging P
U(1)
i , i = 1, 2, (see (A.11)), the charges are quantized as
2mpi ∈ Z and q˜i/(2G(4)N m) ∈ Z, not summed over i. Recall also that we set m = 2 in our conventions.
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Finally, the four-dimensional Newton constant is given by17
G
(4)
N =
3
128|g− 1|N3 . (5.29)
As a first check, we find cCFT = csugra, in agreement with [13]. We want now to write
the entropy of the black strings in terms of the conserved charges J , Q1 and Q2. As we
already discussed in section 4.3, the black string has only one independent electric charge,
although there are two massless gauge fields. The interpretation is similar to the case of
black strings in AdS5 × S5: the charge under the exact R-symmetry of the 2d CFT is
identically zero. Indeed, using (5.26) and (4.24), we can easily check that
Q1∆¯1 +Q2∆¯2 =
1
4G
(4)
N
(
q˜1∆¯1 + q˜2∆¯2
)
= 0 , (5.30)
where ∆¯i is the critical point of cr(∆i). Then, we can write (4.31) as
SBH(z1, z2, q0, q,J ) = 2pi
√
cCFT
6
(
e0 − 1
2
(Q1 −Q2)2
kFF
− J
2
2k
)
, (5.31)
in agreement with the charged Cardy formula (2.15).
One can check that, in the region of fluxes corresponding to regular supergravity
solutions [13, Fig. 5], the levels k and kFF are positive, corresponding to holomorphic
(left-moving) currents in the CFT.18
It would be interesting to give an independent derivation of the charged Cardy formula
from the refined topologically twisted index of N = 2 SYM in five dimensions [29],19 which
is supposed to reproduce the elliptic genus of the 2d CFT.
6 Discussion and outlook
In this paper we discussed how to derive the general anomaly polynomial for a theory
that is obtained by dimensional reduction on a compactification manifold Md, including
background fields for the isometry ofMd. We have used the resulting anomaly polynomial
to match the holographic prediction for a class of charged and rotating black strings in
AdS5×S5 found in [15], and a similar class of black strings in AdS7×S4, which we newly
and explicitly construct in this paper, with the charged Cardy formula (2.15). There are
several questions that are left unanswered by our analysis and we leave for future work.
First of all, for the class of theories considered in this paper, supergravity seems to
prefer negatively curved manifolds, thus excluding many interesting examples with internal
17The dimensional reduction from seven to four dimensions is done on a Riemann surface and a circle of
volume 4pi|g− 1| and 2pi, respectively. We also note the standard AdS7/CFT6 relation for AN−1 theories,
N3 = 3pi2/(16G
(7)
N ).
18For the flavor levels this was already observed in [13].
19See also [53].
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isometries and also suggesting that various examples where c-extremization predicts a
positive exact central charge are actually unstable. On the other hand, it is true that
most of the existing supergravity solutions are based on Einstein-Ka¨hler surfaces and on
a simple choice of fluxes. It would be very interesting to enlarge the class of supergravity
solutions based on Einstein-Ka¨hler surfaces introducing more complicated choices of fluxes
or, consider solutions corresponding to toric surfaces that do not admit Einstein metric,
and compare with the previous results based on c-extremization. In particular, it would be
interesting to see whether there are solutions where the isometry of the internal manifold
mixes with the R-symmetry of the 2d CFT and how this is realized in the supergravity
solution.
On a different note, it would be interesting to compute the refined topologically twisted
index [29] of N = 2 SYM in five dimensions20 and reproduce the charged Cardy formula
discussed in section 5.2, in analogy with what was done for N = 4 SYM in [15]. Evaluating
the five-dimensional refined topologically twisted index at large N is a nontrivial problem.
A proposal for finding the saddle point of the topologically twisted index, which should
capture the entropy in the static case, was discussed in [29]. It would be interesting to
make it rigorous and generalize it to the rotating case, understanding in the process the
role of holomorphic blocks and the relation to the entropy functions introduced in [21] and
briefly discussed in appendix A.
Another aspect that we have not touched upon in the present paper is holography
beyond large N . It is conceptually straightforward to perform the integration of the
anomaly polynomials we considered at a finite value for the rank of the gauge group, as
explicitly shown in several examples here. The corresponding gravitational calculation
requires the knowledge of higher derivative corrections to the relevant supergravity solu-
tions. The question of writing down higher derivative supergravity theories is however
still open, with various partial results in different dimensions. The knowledge of the co-
efficients of the anomaly polynomials has an important role in fixing the relevant higher
derivative terms and this has been exemplified for the static magnetically charged black
strings in AdS7×S4 in [54], where the first subleading corrections were successfully shown
to agree on the two sides of the duality. It would be interesting to extend this result to the
black strings with electric charges and rotation found here in two-derivative supergravity,
corresponding to leading order in N .
Let us finish the general discussion by stressing again that the charged Cardy formula
(1.1) and its generalization to multiple U(1)’s appear to have been derived many times over
in the literature, and yet to the best of the authors’ knowledge have not been employed in
their full potential for two-dimensional (0, 2) theories. The formula was perhaps derived
most pedagogically in [4] based on the assumption of at least (0, 4) supersymmetry. In the
case of a single charge J as in (1.1), for (0, 4) theories one needs to use the SU(2)R current
with a level kSU(2) =
c
6
with c being the 2d central charge. Probably the most well-known
20The theory decompactifies to the (2, 0) theory in six dimensions.
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case in which the resulting formula was checked holographically is for the BMPV black
hole [1] that is described by the D1-D5 system, where the charge J corresponds to angular
momentum. The analogous result holds for other spinning black holes, see e.g. [55–57].
In this regard, the gravitational examples of rotating AdS black strings that we presented
here generalize the above results in a genuine (0, 2) setting. We successfully performed a
non-trivial test of the charged Cardy formula (1.1) where the level k is independent of the
central charge c. In the case of multiple U(1)’s mixing among each other, instead, it turns
out that the existing (0, 4) holographic examples correspond to the addition of multiple
electric charges,21 as in the prototypical example [2]. We also found the analogous answer
for the AdS black strings when including electric charges for the flavor symmetries, after
having first determined the exact R-symmetry (a preliminary step that is not needed for
the (0, 4) examples).
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A Entropy function from gravitational blocks
A general entropy function for arbitrary charged and rotating AdS black holes has been
proposed in [21] in terms of gravitational blocks. In this appendix we will show how it
works in our examples.
The entropy function of the rotating AdS4 black holes discussed in section 4 is a
simple generalization of that discussed in [21] for theories without hypermultiplets. Let
us summarize the result. The entropy function can be obtained by gluing gravitational
blocks
B(XI , ω) ≡ −F(X
I)
ω
, (A.1)
21One can of course only distinguish between angular momentum and electric charges from the point
of view of the four- or five-dimensional geometry, to which this discussion pertains.
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where F(XI) is the gauged supergravity prepotential, and it is given by
I(pI , χI , ω) ≡ pi
4G
(4)
N
(
2∑
σ=1
B(XI(σ), ω(σ))− 2iχIqI − 2ωJ
)
. (A.2)
Here χI and ω are the chemical potentials conjugate to electric charge qI and the angular
momentum J , respectively. We also need to use the A-gluing rule
XI(1) = χ
I − iωpI , ω(1) = +ω ,
XI(2) = χ
I + iωpI , ω(2) = −ω ,
(A.3)
due to the topological twist on the spherical part of the horizon geometry. The functional
I(pI , χI , ω) needs to be extremized with respect to the chemical potentials, subject to one
additional constraint. In the presence of hypermultiplets, the constraint proposed in [21,
(3.13)] becomes
P 3I χ
I = 2 , (A.4)
with the further restrictions discussed below. The attractor mechanism works as follows.
The values of the sections at the south pole (SP) at θ = 0 and the north pole (NP) at
θ = pi of the sphere are given by
XISP, NP =
i
2
(
χ¯I ∓ iω¯pI
)
, I = 0, . . . , 3 ,
ω¯ = −2w ,
(A.5)
where w is defined in (4.23); χ¯ and ω¯ are the critical points of the functional I(pI , χI , ω).
Moreover,
SBH(p
I , qI ,J ) = I(pI , χ¯I , ω¯) . (A.6)
For the rotating black strings in AdS5× S5 we use the prepotential given in (4.1) and
we extremize the functional with respect to χI and ω with the constraint
3∑
i=1
χi = 2 . (A.7)
For the rotating black strings in AdS7 × S4 the BPS-Higgs mechanism leads to an
effective reduction of the independent variables and of the supergravity prepotential [29].
The BPS condition,
kσIX
I = 0 ⇒ X3 = − 1
2m2
(
(κ− z1)X1 + (κ+ z1)X2
)
, (A.8)
allows us to eliminate X3 (and χ3) from the entropy functional (A.2) and from the con-
straint P 3I χ
I = 2. We obtain in this way an effective supergravity prepotential that
parameterizes the remaining massless fields on the horizon
F∗(XI) = −X
1X2 ((κ− z1)X1 + (κ+ z1)X2)
2m2X0
, (A.9)
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which can be used in the gravitational block (A.1). Since the symplectic vector kσ is
proportional to the symplectic vector of moment maps PR, the condition kσIX
I = 0 leads
to the constraint
P
U(1)
I χ
I = 2 , (A.10)
where we suppressed the index 3 for the moment map triplet. From the explicit expression
of P
U(1)
I , setting ζ = ζ˜ = 0, we find the effective moment map
PU(1) = {0, 0, 0; 0,m,m} , (A.11)
in agreement with [29, (4.17)]. Notice that eliminating X3 (and χ3) leads to a redefinition
of the electric charges in the effective entropy functional{
q0, q˜1 = q1 − 1
2m2
(κ− z1)q3, q˜2 = q2 − 1
2m2
(κ+ z1)q3
}
. (A.12)
We have checked explicitly that the entropy and scalar sections of the explicit solutions
in section 4 precisely agree with the proposed entropy function here. For the rotating black
strings in AdS5 × S5 this was already done in [21].
It is easy to see that the gluing of gravitational blocks corresponds to the fixed point
formula for the equivariant integral of the anomaly polynomial discussed in section 3.1.2.
For example, in the case of rotating strings in AdS5 × S5, by identifying
χi = ∆i , χ
0 = 2i
β
pi
, ω = i

pi
, (A.13)
where  = c1(J), we can rewrite (A.2) as
I(sI , ∆I , τ, ) = ipi
2N3
4τ
[∏3
i=1
(
∆i − 2pisi
)

−
∏3
i=1
(
∆i +

2pi
si
)

]
−ipi
3∑
i=1
∆iQi−iJ−2piiτn ,
(A.14)
to be extremized under the constraint
∑3
i=1 ∆i = 2. The quantity in bracket in (A.14)
is the analogue of (3.53) in the case where 6d (2, 0) theory on M4 is replaced by N = 4
SYM on S2, and the anomaly polynomial (3.35) of the six-dimensional theory by (3.27).
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